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CONJUGATES OF PISOT NUMBERS
KEVIN G. HARE AND NIKITA SIDOROV
Abstract. In this paper we investigate the Galois conjugates of a
Pisot number q ∈ (m,m+ 1), m ≥ 1. In particular, we conjecture
that for q ∈ (1, 2) we have |q′| ≥
√
5−1
2
for all conjugates q′ of
q. Further, for m ≥ 3, we conjecture that for all Pisot numbers
q ∈ (m,m+1) we have |q′| ≥ m+1−
√
m
2+2m−3
2
. A similar conjecture
if made form = 2. We conjecture that all of these bounds are tight.
We provide partial supporting evidence for this conjecture. This
evidence is both of a theoretical and computational nature.
Lastly, we connect this conjecture to a result on the dimension
of Bernoulli convolutions parameterized by β, whose conjugate is
the reciprocal of a Pisot number.
1. Introduction
In this paper we investigate the conjugates of a Pisot number q ∈
(m,m + 1). In particular, we conjecture a tight value for cm >
1
m+1
such such that for all Pisot numbers q ∈ (m,m + 1) we have that all
conjugates |q′| ≥ cm. Precise values for a tight lower bound are given
in Conjecture 1.1. Partial theoretical supporting evidence for these
conjectures is given in Theorems 2.1, 2.3, 2.4 and 3.4. Computational
supporting evidence is given in Theorems 5.1, 5.2 and Table 5.1.
Recall that a Pisot number is a positive real algebaric integer all of
whose other conjugates are strictly less than 1 in absolute value. We say
that a real number θ > 1 is a Parry number if its gredy θ-expansion is
eventually periodic. That is, if the orbit of 1 under the transformation
x 7→ xθ mod 1 is finite. It is clear that such θ are algebraic integers.
Every Pisot number is known to be a Parry number, see [2, 16]. In
[18] Solomyak looked at the conjugates of Parry numbers, and showed
that they are always strictly less than 1+
√
5
2
, the golden ratio. He also
analyzed the domain of all such conjugates.
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Let P (x) = a(x − α1) . . . (x − αd) ∈ Z[x]. Recall that the Mahler
measure of a polynomial is defined as
M(P ) =M(a(x − α1) . . . (x− αd)) = |a|
∏
max(1, |αi|).
We define the Mahler measure of an algebraic number as the Mahler
measure of it’s minimal polynomial. It is clear that the Mahler measure
of a Pisot number is the Pisot number.
In [8], Dubickas considered integer polynomials P with no reciprocal
factor and non-zero constant term. In this paper they gave a lower
bound for the roots of P in terms of the Mahler measure. In particular,
it was shown that the conjugates were bounded below by
M(P )−1 + 2−2k−7M(P )−3(M(P )2 log(M(P )))−(k+1)/(d−k−1)
where P is of degree d and 1 ≤ k ≤ d−2 is the number of roots outside
the unit circle. In the special case where P is the minimal polynomial
of a Pisot number q of degree d ≥ 4, a tighter bound is given. The
conjugates q′ of the Pisot number satisfy
|q′| ≥ q−1 + 2−5q−3−4/(d−2)(log(q))−2/(d−2)
In the special case where q is a cubic Pisot number, it is shown that
|q′| ≥ q−1 + 1.999q−2.
Consider a Pisot number in (m,m + 1). All of its conjugates satisfy
|q′| ≥ 1/(m + 1) as the product of the conjugates is the norm of the
Pisot number, and is a non-zero integer. From [8] above, we have a
slightly stronger bound, namely that for for q ∈ (m,m+ 1) and d ≥ 4
that |q′| ≥ 1
m+1
+ 1
32(m+1)3
. Similarly, for q ∈ (m,m+ 1) and d = 3 we
have |q′| ≥ 1
m+1
+ 1.999
(m+1)2
.
Salem proved that the set of Pisot numbers is closed [7]. It is easy
to show that this is not the case for the conjugates of Pisot numbers.
(In particular 1 is a limit point of the conjugates of Pisot numbers,
but 1 is not a conjugate of a Pisot number.) An interesting question
that we investigate is, what the limit points of the conjugates of Pisot
numbers look like. For example, we know that for q ∈ (m,m+ 1) the
conjugates are strictly greater than 1/(m+1) in absolute value (and in
fact bounded away from Dubickas). Can we find a stronger bound for
the conjugates? Is there structure to the limit points of the conjugates?
See Figure 1.1 and 1.2 for the conjugates of Pisot numbers q ∈ (1, 2)
for degree at most 30 and 35 respectively.
Conjecture 1.1. • For all Pisot numbers q ∈ (1, 2), we have that
|q′| ≥
√
5−1
2
for all conjugates q′ of q.
• For all Pisot numbers q ∈ (2, 3), we have that |q′| ≥ c2 for all
conjugates q′ of q. Here c2 is the absolute value of the root of
minimal modulus of x4 − 3x3 + x2 − 2x− 1.
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Figure 1.1. Conjugates of Pisot numbers q ∈ (1, 2) of
degree at most 30
• For all m ≥ 3 and all Pisot numbers q ∈ (m,m + 1), we have
that |q′| ≥ m+1−
√
m2+2m−3
2
for all conjugates q′ of q.
For ease of notation,
(1) Set c1 =
√
5−1
2
, the absolute value of the root of minimal mod-
ulus of x2 − x− 1,
(2) Set c2 as the absolute value of the root of minimal modulus of
x4 − 3x3 + x2 − 2x− 1, and
(3) For m ≥ 3 set cm = m+1−
√
m2+2m−3
2
is the root of minimal
modulus of x2 − (m+ 1)x+ 1, for m ≥ 3.
It is easy to observe that all cm, m ≥ 1 are absolute values of conjugates
of Pisot numbers. It should be noted that the bound given in Conjec-
ture 1.1 on the location of the conjugates is significantly stronger than
that known bound given by [8].
Amara gave a complete description of the limit points of Pisot numbers
in (1, 2) in [1] (see Theorem 3.1). We will denote these limit points as
φr, ψr and χ, where r = 1, 2, 3, . . . . Furthermore, a description of
the sequence of Pisot numbers approaching each of φr, ψr or χ was
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Figure 1.2. Conjugates of Pisot numbers q ∈ (1, 2) of
degree at most 35 in the first quadrant
also given. The Pisot numbers in these sequences, together with there
limit points, are called regular Pisot numbers. It was shown that the
only Pisot numbers sufficiently close to these limit points are regular
Pisot numbers. Furthermore, for any ε > 0, Amara showed that there
are only a finite number of Pisot numbers in (1, 2 − ε), that are not
in one of these sequences. These are called irregular Pisot numbers.
Unfortunatley, although there are only a finite number of irregular Pisot
numbers in (1, 2 − ε) for any ε > 0, this is not known to be true for
the interval (1, 2). This is the main issue with proving Conjecture 1.1
in full generality for q ∈ (1, 2).
In Section 2 we provide partial results to this conjecture for general
m. Namely, we show that if q ∈ (m,m + 1) is a Pisot number and
either q or its conjugate q′ satisfying certain properties, then q satisfies
Conjecture 1.1. Sections 3 and 4 consider the special case of regular
Pisot numbers. In particular we show that Conjecture 1.1 holds for
regular Pisot numbers q ∈ (1, 2). In addition, in Section 4 we further
investigate the limiting behaviour of the conjugates of regular Pisot
numbers.
Computational evidence for Conjecture 1.1 is provided in Section 5.
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This investigation was motivated by Conjecture 3.5 of [14], as it re-
lates to the dimension of Bernoulli convolutions for a special family of
algebraic integers. We will discuss this more in Section 6.
2. General results
Theorem 2.1. Let q ∈ (m,m + 1) be a Pisot number. There are no
non-real complex conjugates |q′| < 1
m+1/2
. There is at most one real
conjugate |q′| < 1
m+1/2
.
Proof. We see that non-real conjugates come in complex conjugate
pairs. Hence for a non-real complex number we have |q′| > 1/√m+ 1 >
1
m+1/2
.
The second observation to make is that we can have at most one real
conjugate less than 1/
√
m+ 1 > 1
m+1/2
. If we were to have more than
this, then the constant term of the minimal polynomial would be less
than 1 in absolute value. 
Lemma 2.2. We have cm <
1
m+1/2
for all m.
Proof. For m = 1, 2 this is a direct check. For m ≥ 3, the required
inequality is equivalent to 2m + 1 < m + 1 +
√
m2 + 2m− 3, which
holds trivially. 
Theorem 2.3. Conjecture 1.1 is true for all non-unit Pisot numbers.
More precisely, if q′ is a conjugate of a non-unit Pisot number q ∈
(m,m+ 1), then |q′| ≥ 2
m+1
≥ cm.
Proof. Let q′ be a conjugate of q. As q is a non-unit, we notice that
|q′q| ≥ 2. This implies that |q′| ≥ 2/q ≥ 2/(m + 1) ≥ 1
m+1/2
≥ cm.
Hence Conjecture 1.1 holds. 
Recall that q is a simple Parry number if the greedy-expansion of 1 is
finite.
Theorem 2.4. Conjecture 1.1 is true for all Pisot numbers that are
also simple Parry numbers. More precisely, if q′ is a real Galois con-
jugate of a simple Parry number and Pisot number q ∈ (m,m + 1),
then
|q′| ≥
√
m2 + 4−m
2
≥ cm.
Proof. The dominant root of x2−(m+1)x+1 is clearly larger than that
of x2 −mx − 1 if m ≥ 3, and the second inequality can be explicitly
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checked for m = 1, 2. Hence, it suffices to show the first inequality
only. Without loss of generality, we may assume that |q′| < 1. Let
1 = a1/q + a2/q
2 + · · ·+ an/qn
be the greedy expansion of 1. Notice that 0 ≤ aj ≤ m. Now, q′ satisfies
the same equation, which implies q′ < 0. Put β = −1/q′. Then, for n
odd
βn = an−1βn−1 − an−2βn−2 + . . .
≤ m(βn−1 + βn−3 + · · ·+ 1)
= m
βn+1 − 1
β2 − 1 < β
n
if β > (
√
m2 + 4 +m)/2, a contradiction. A similar result holds when
n is even. 
Remark 2.5. It is worth noting that the above result is tight by con-
sidering the the root of x2−mx− 1, which is both a Pisot number and
a simple Parry number.
Remark 2.6. Notice, this result hold for real conjugates of non-Pisot
simply Parry numbers as well.
3. Regular Pisot numbers in (1, 2), part 1
Amara [1] gave a complete description of regular Pisot numbers, given
below.
Theorem 3.1. The limit points of the set of Pisot numbers in (1, 2)
are the following:
φ1 = ψ1 < φ2 < ψ2 < φ3 < χ < ψ3 < φ4 < · · · < ψr < φr+1 < · · · < 2
where

the minimal polynomial of φr is Φr(x) := x
r+1 − 2xr + x− 1,
the minimal polynomial of ψr is Ψr(x) := x
r+1 − xr − · · · − x− 1,
the minimal polynomial of χ is X (x) := x4 − x3 − 2x2 + 1.
For each of these limit points, there exists an ε such that all Pisot
numbers within ε of this limit point is of the form specified in Table 3.1.
The first few limit points are:
• φ1 = ψ1 ≈ 1.618033989, the root in (1, 2) of x2 − x− 1
• φ2 ≈ 1.754877666, the root in (1, 2) of x3 − 2x2 + x− 1
• ψ2 ≈ 1.839286755, the root in (1, 2) of x3 − x2 − x− 1
• φ3 ≈ 1.866760399, the root in (1, 2) of x4 − 2x3 + x− 1
• χ ≈ 1.905166168, the root in (1, 2) of x4 − x3 − 2x2 + 1
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Limit Point Defining polynomials
φr Φ
±
A,r,n(x) := Φr(x)x
n ± (xr − xr−1 + 1)
Φ±B,r,n(x) := Φr(x)x
n ± (xr − x+ 1)
Φ±C,r,n(x) := Φr(x)x
n ± (xr + 1)(x− 1)
ψr Ψ
±
A,r,n(x) := Ψr(x)x
n ± (xr+1 − 1)
Ψ±B,r,n(x) := Ψr(x)x
n ± (xr − 1)/(x− 1)
χ X±A,n(x) := X (x)xn ± (x3 + x2 − x− 1)
X±B,n(x) := X (x)xn ± (x4 − x2 + 1)
Table 3.1: Regular Pisot numbers
• ψ3 ≈ 1.927561975, the root in (1, 2) of x4 − x3 − x2 − x− 1
• φ4 ≈ 1.933184982, the root in (1, 2) of x5 − 2x4 + x− 1
Recall that c1 =
√
5−1
2
. In this section we prove that c1 is a tight lower
bound for all regular Pisot numbers in (1, 2). Assuming it is a lower
bound, it is easy to see that it is tight by considering the polynomial
x2 − x− 1.
We see that regular Pisot numbers are roots of polynomials of the
form f(x)xn + g(x). We begin this section with an investigation of
polynomials of this form.
Lemma 3.2. For fixed polynomials f and g, let Pn(x) = f(x)x
n+g(x)
where g(c1)g(−c1) > 0. There exists an n0, dependent on polynomials
f and g, such that Pn(c1)Pn(−c1) > 0 for all n ≥ n0.
Proof. This follows from the fact that cn1f(c1)→ 0 and (−c1)nf(−c1)→
0 as n→∞. This n0 can be explicitly calculated. 
We say an integer polynomial g is of height h if all of its coefficients
are bounded by h in absolute value and at least one coefficient is h in
absolute value.
Lemma 3.3. For fixed polynomial g and polynomial f of height bounded
by h, let Pn(x) = f(x)x
n+g(x) where g(c1)g(−c1) > 0. There exists an
n0, dependent on polynoimal g and height h, such that Pn(c1)Pn(−c1) >
0 for all n ≥ n0.
Proof. We notice that |f(c1)| and |f(−c1)| are bounded by a constant
dependent only on h. The rest of the proof is as before. 
Theorem 3.4. Let q ∈ (1, 2) be a regular Pisot number, and q′ a
conjugate of q. Then |q′| ≥ c1.
Proof. Many of the regular Pisot numbers q ∈ (1, 2) can be proven to
satisfy Conjecture 1.1 by use of Theorem 2.1, Lemma 3.2 and Lemma 3.3.
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Defining polynomials Restrictions Note
Φr r ≥ 3 Lemma 3.2
Ψr r ≥ 1 Multiple by (x− 1), Lemma 3.2
Φ±A,r,n n ≥ r + 1, r ≥ 4 Lemma 3.3 with h = 2
Φ±B,r,n n ≥ r + 1, r ≥ 4 Lemma 3.3 with h = 2
Φ+B,r,n n ≤ r, n ≥ 4 Lemma 3.3 with h = 2
Φ±C,r,n n ≥ r + 1, r ≥ 6 Lemma 3.3 with h = 2
Ψ±A,r,n n ≥ r + 2, r ≥ 2 Lemma 3.3 with h = 1
Ψ+A,r,n n ≤ r + 1, n ≥ 2 Lemma 3.3 with h = 1
Ψ±B,r,n n ≥ r, r ≥ 4 Multiply by (x− 1), Lemma 3.2
X±A,n n ≥ 2 Lemma 3.2
X±B,n n ≥ 1 Lemma 3.2
Table 3.2: Proof for some regular Pisot
For example, consider Φr(x) = x
r(x−1)+(x−1). Letting f(x) = x−1
and g(x) = x − 1 we see that Φr(x) = f(x)xr + g(x) meets the con-
ditions of Lemma 3.2. In this case we can take n0 = 3 and hence for
all r ≥ n0 = 3 we have that all conjugates of Φr(x) satisfy |q′| ≥ c1.
This is summarized in the first line of Table 3.2. Similar informaiton
is provided for other regular Pisot numbers in Table 3.2.
There are a number of special cases that we still need to look at. In
particular, if n < r or r being reasonably small.
We notice that Φ+A,r,n = Φ
+
A,n+1,r−1, Φ
+
C,r,n = Φ
+
C,n,r, and Ψ
+
B,r,n = Ψ
+
B,n,r,
We further notice that Φ−A,r,n does not have a Pisot root in (1, 2) for n <
r. To see this, notice that Φ−A,r,n(1) = −2 and Φ−A,r,n(2) = 2n−2r−1−1.
Hence by the intermediate value theorem, Φ−1A,r,n cannot have a single
root between 1 and 2 when n < r, and hence cannot have a Pisot root
in (1, 2). This can similarly be said for Φ−B,r,n and Ψ
−
B,r,n for r < n and
for Φ−C,r,n and Ψ
−
A,r,n for r ≤ n.
All remaining cases have the property that r, n ≤ 6. We verify that
either the polynomial does not have a Pisot root in (1, 2), or that the
conjecture holds for these cases. 
4. Regular Pisot numbers in (1, 2), part 2
As before, we note that regular Pisot numbers are roots of polynomials
of the form f(x)xn+g(x). The limit points of roots of such polynomials
relate to the roots of f and g.
Theorem 4.1. (1) Let f(q) = 0 for |q| > 1. Then there exists a
root qn of f(x)x
n + g(x) such that qn → q as n→∞.
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(2) Let qn be roots of f(x)x
n + g(x) such that qn → q with |q| > 1.
Then f(q) = 0.
(3) Let g(q) = 0 for |q| < 1. Then there exists a root qn of f(x)xn+
g(x) such that qn → q as n→∞.
(4) Let qn be roots of f(x)x
n + g(x) such that qn → q with |q| < 1.
Then g(q) = 0.
Proof. We prove Parts (1) and (2) only. The proof of the other two
follows by considering the reciprocal polynomial.
The first follows from an application of Rouche´’s Theorem. Let C :=
{z : |z− q| = ε}. Choose ε < |q| − 1 such that the only root of f inside
of C is at q. Then there exists an N such that for all n ≥ N we have
that |f(z)zn| > |g(z)| on C. Hence f(z)zn+ g(z) will have exactly one
root inside of C by Rouche´’s Theorem. As ε is arbitrary, this proves
the result.
For the converse, assume that qn → q and f(q) 6= 0. Let C := {z :
|z−q| = ε}. Choose ε such that f has no roots inside of C, and further
that ε < |q|−1. Then again, there exists an N such that for all n ≥ N
we have that |f(z)zn| > |g(z)| on C. Hence f(z)zn + g(z) will have no
roots inside of C by Rouche´’s Theorem for all n ≥ N . Hence qn 6→ q,
a contradiction. 
Theorem 4.2. Let M(P ) be the minimal absolute value of the roots
of P .
(1) We have that
1 = lim
r→∞
M(Φr)
= lim
r→∞
M(Ψr)
= lim
n→∞
M(X±A,n)
= lim
n→∞
M(X±B,n)
(2) For fixed r we have
1 = lim
n→∞
M(Φ±C,r,n)
= lim
n→∞
M(Ψ±A,r,n)
= lim
n→∞
M(Ψ±B,r,n)
= lim
n→∞
M(Ψ±C,r,n)
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(3) For fixed r we have
lim
n→∞
M(Φ±A,r,n) = κA,r < 1
lim
n→∞
M(Φ±B,r,n) = κB,r < 1
Proof. To see Part (1), we notice that Φn, Ψn (after multiplying by
(x−1)) X±A,n and X±B,n are of the form f(x)xn+g(x) where g has no roots
inside the unit circle. Hence we have that the non-Pisot conjugates of
Φn and Ψn tend to 1 in absolute value as n tends to infinity.
To see Part (2) we further notice for fixed r that Φ±C,r,n,Ψ
±
A,r,n,Ψ
±
B,r,n,X±A,n
and X±B,n all have the property that as n→∞ that all of the non-Pisot
conjugates tend to 1 in absolute value.
Lastly, to prove Part (3), fix r. We notice that Φ±A,r,n will have conju-
gates q′n → q′ where q′ is a root of xr−xr−1+1, with |q′| < 1. We define
κA,r to be the minimal absolute value of the roots of x
r−xr−1+1. That
is, Φ±A,r,n will have a root tending to κA,r is absolute value as n → ∞.
We have that κA,r is minimized at r = 3 with κA,3 ≈ 0.754877. As
similar result holds for Φ±B,r,n, defining κB,r similary and with κB,r
minimized at r = 5. Here κB,5 ≈ 0.84219023. 
We observe from the above proof that for any fixed r that the roots of
Ψ±A,r,n approach the r+1-th roots of unity as n→∞. Moreover, as all
of the roots of xr+1−1 are of absolute value 1 we see that as n→∞ we
have that min |q′| → 1 where the minimum is taken over the conjugates
of Ψ±A,r,n. A similar thing can be said for Φ
±
C,r,n and Ψ
±
B,r,n.
This doesn’t tell the whole tale though. For example, consider Ψ+B,1,n(x) =
(x2 − x− 1)xn + 1. This clearly has n + 1 roots inside the unit circle.
Computationally it appears that the roots of this polynomial approach
the roots of xn+1 − 1. We will show a slightly weaker result.
Theorem 4.3. Let Cn = hull{q′ : |q′| < 1, q′ a root of Ψ+B,1,n}. For all
ε there exists an N such that for all n > N we have
{z : |z| ≤ 1− ε} ⊂ Cn ⊂ {z : |z| ≤ 1}
Remark 4.4. This implies that, given any region {z : 1 − ε < |z| <
1 and arg(z) ∈ [θ1, θ2]} that there will exists some N such that for all
n ≥ N , we have Ψ+B,q,n will have a root in this region.
Proof. The second inclusion is obvious, hence we need only prove the
first.
Consider P (x) := Ψ+B,1,n(x)
∗ = xn+2 − x2 − x+ 1. Consider the second
derivative of P , which is P ′′(x) = (n + 2)(n + 1)xn − 2. This has
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roots at
(
2
(n+1)(n+2)
)1/n
ζn where ζn is an nth root of unity. We see
that
(
2
(n+1)(n+2)
)1/n
→ 1 as n → ∞. Hence as n tends to infinity we
have that the roots of P ′′ tend uniformly to the unit circle. Moreover,
the convex hull of the roots of P ′′ forms a regular n-gon with vertices
approaching the unit circle. We recall from the Gauss-Lucas Theorem
that the complex roots of P ′ lie within the convex hull of the complex
roots of P . Further for any ε > 0 we have that for n sufficiently large
that the roots of P are bounded above in absolute value by 1 + ε. As
the convex hull of the roots of P contains the roots of P ′′ which is a
regular n-gon with vertices arbitrarily close to the unit circle, we have
our result. 
Corollary 4.5. The set of limit points for the conjugates of Pisot num-
bers contains the unit circle.
Proof. This follows from Theorem 4.2 and [10, Theorem 1]. 
In fact, this is already true for the multinacci numbers, i.e., the roots
of xn − xn−1 − · · · − x− 1.
5. Pisot numbers in (m,m+ 1)
Recall that Boyd [5, 6] has given an algorithm that finds all Pisot
numbers in an interval, where, in the case of limit points, the algo-
rithm can detect the limit points and compensate for them. Using this
algorithm, combined with the results above for regular Pisot numbers,
we can computationally show
Theorem 5.1. All Pisot numbers q ∈ (1, 1.933] satisfy Conjecture 1.1.
Proof. Using the algorithms above, we note that there are 760 irregular
Pisot numbers less than 1.933. These can be found at [13]. We explic-
itly check that they all satisfy Conjecture 1.1. We see from Theorem 3.4
that all regular Pisot numbers less than 1.933 satisfy Conjecture 1.1.
This completes the proof. 
We choose 1.933 due to the limit point at φ4 ≈ 1.933184982, the root
in (1, 2) of x5− 2x4+ x− 1. Although each limit point can be handled
by the algorithm of [5, 6], the handling of such limit points gets more
complicated the closer we get to 2.
Alternately, we can look at a finite (albeit large) set of Pisot numbers
in (1, 2), but with bounded degree.
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Theorem 5.2. All Pisot numbers q ∈ (1, 2) of degree at most 150
satisfy Conjecture 1.1.
We noticed that Pisot numbers in (1, 1/c1) necessarly satisfy Conjec-
ture 1.1. There are 59876 Pisot numbers in [1/c1, 2) of degree at most
150, so this is strong heuristic evidence.
For eachm andN in Table 5.1 we have listed the number of polynomials
with a unit Pisot root in (1/cm, m+ 1) of degree at most N . We note
that if the Pisot number is in (m, 1/cm) or a non-unit Pisot, then we
necessarily have that all conjugates are greater than cm. A complete list
of these polynomials is provided at [13]. We also have listed the Pisot
polynomials with the smallest known conjugate in modulus. Based on
this table, we make Conjecture 1.1.
m N Size smallest polynomial
1 150 59876 x2 − x− 1
2 12 50557 x4 − 3x3 + x2 − 2x− 1
3 9 67213 x2 − 4x+ 1
4 7 18995 x2 − 5x+ 1
5 7 50317 x2 − 6x+ 1
6 6 15268 x2 − 7x+ 1
7 6 26959 x2 − 8x+ 1
8 5 4696 x2 − 9x+ 1
9 5 6578 x2 − 10x+ 1
10 5 8743 x2 − 11x+ 1
Table 5.1: Pisot polynonimals with smallest conjugate in modulus
6. Garsia Entropy
Given β ∈ (1, 2), the Bernoulli convolution νβ is the weak∗ limit of the
measures νβ,n given by
νβ,n =
∑
a1...an∈{0,1}n
1
2n
δ∑n
i=1
aiβ−i.
These interval supported self-similar measures have been intensely stud-
ied since the 1930s. The Bernoulli convolutions are known to be exact-
dimensional [11]. That is
dim(νβ) = lim
h→0
log νβ(x, x+ h)
log h
for νβ-a.e. x.
In particular, the dimension of νβ equals its Hausdorff dimension. In
particular, the question of which parameters β give rise to measures
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which are singular or which have dimension less than one has been
extremely well studied. Erdo˝s [9] showed that Pisot numbers give rise to
singular Bernoulli convolutions, and Garsia [12] showed that dim(νβ) <
1 when β is Pisot. It remains unknown whether there are any other
parameters that give rise to singular Bernoulli convolutions.
Recent work of Hochman [15] showed that for algebraic β the dimension
of νβ can be given explicitly in terms of the Garsia entropy of β,
(6.1) dim(νβ) = min
{
1,
H(β)
log(β)
}
.
The Garsia entropy H(β), defined in [12], is a quantity which measures
how often different words a1 . . . an give rise to the same sum
∑n
i=1 aiβ
−i.
It should be noted that the Garsia entropy is sometimes defined after
normalizing by log(β). Recall, we say β is a height h algebraic number
if it is the root of an integer polynomial whose coefficents are bounded
by h in absolute value. It follows from the definition that if β is not a
height 1 algebraic integer, then H(β) = log(2), and by (6.1), dim(νβ) =
1. Very recently Varju´, [19], has shown that if β is non-algebraic, then
dim(νβ) = 1. Thus the problem of understanding which parameters
β give rise to Bernoulli convolutions of dimension less than one has
been reduced to one of understanding Garsia entropy for algebraic β
of height 1. For more information on Bernoulli convolutions, see [20].
In [14] it is shown that if β1 > 1 is an algebraic number with real
conjugate β2 such that
log(β1)/| log(β2)| < 0.82,
then the Garsia entropy of the Bernoulli convolutions of β1 is strictly
greater than 1, and hence the dimension of this Bernoulli convolution is
exactly 1. In particular, if q ∈ (1, 2) is a (non-quadratic) Pisot number
and q′ is a real conjugate, then this shows that β1 = 1/|q′| satisfies
these conditions if |q′| > q−0.82.
Conjecture 6.1 (Conjecture 3.5 of [14]). If β1 ∈ (1, 2), β1 6= 1+
√
5
2
, has
a real conjugate β2 such that 1/|β2| is a Pisot number, then dim(νβ1) =
1.
Remark 6.2. Numbers β1, as described in Conjecture 6.1, are are
often called anti-Pisot, see, e.g., [17].
Theorem 6.3. Conjecture 1.1 implies Conjecture 6.1.
Remark 6.4. What is proven here is slightly stronger than this. We
show that
• If β1 ∈ (1, 2) has a conjugate β2 such that 1/|β2| ∈ (1, 1.8) is a
Pisot number, then dim(νβ1) = 1.
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• If β1 ∈ (1, 2) has a conjugate β2 such that 1/|β2| ∈ (1, 2), then
Conjecture 1.1 implies β1 ∈ (1, c1].
• If β1 ∈ (1, c1) has a conjugate β2 such that 1/|β2| ∈ (1.8, 2) is a
Pisot number, then dim(νβ1) = 1.
Proof. Let β1 be an anti-Pisot number with conjugate β2. The plan is
to show that
(1) If 1/|β2| is an irregular Pisot numbers less than 1.8, then dim(νβ1) =
1.
(2) If 1/|β2| ∈ [1.8, 2), then Conjecture 1.1 implies that dim(νβ1) =
1.
(3) If 1/|β2| is a regular Pisot number less than 1.8, then dim(νβ1) =
1.
Part (1) was in fact verfied for the 760 irregular Pisot numbers less
than 1.933, as these irregular Pisot numbers were previously computed
for the proof of Theorem 5.1.
Part (2) follows by noticing that
log
(
1+
√
5
2
)
log(1.8)
≈ 0.818 and hence Con-
jecture 6.1 will hold for all for |β2| > c1 and all β1 > 1.8 subject to
Conjecture 1.1.
To prove Part (3), we need to study the regular Pisot numbers less
than 1.8. There are only two limit points of Pisot numbers less than
1.8. namely φ1 = ψ1 and φ2. Hence, the regular Pisot numbers less
than 1.8 are of one of the following forms:
(1) Either φ1 = ψ1 or φ2.
(2) In a regular family as described in Table 3.1 approaching one of
the two limit points less than 1.8. That is, the Pisot root less
than 1.8 of one of Φ±A,1,n,Φ
±
B,1,n,Φ
±
C,1,n,Ψ
±
A,1,n,Ψ
±
B,1,n,Φ
±
A,2,n,Φ
±
B,2,n
or Φ±C,2,n.
(3) A regular Pisot number less than 1.8 but part of a family ap-
proaching a limit point greater than 1.8. That is, the Pisot root
less than 1.8 of one of Φ±A,r,n,Φ
±
B,r,n,Φ
±
C,r,n for r ≥ 3, Φ±A,r,n,Φ±B,r,n
for r ≥ 2, or X±A,n or X±B,n.
Case (1) is easy, and we just explicitly check that these both have the
desired property.
For Case (2) we can use an explicit version of Theorem 4.1 Part (3) to
find a N such that for all n ≥ N we have the roots of f(x)xn + g(x)
satisfy the desired property. We will do the case of Φ+B,1,n only, as the
rest are similar.
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Minimal polynomial root
x6 − x5 − x4 − x− 1 1.743700166
x7 − x6 − x5 − x3 − 1 1.774520059
x7 − 2x6 + 2x4 − 2x3 + x− 1 1.683468801
x7 − x6 − x5 − x4 + x3 − 1 1.747457424
x7 − 2x6 + x5 − 2x4 + 2x3 − x2 + x− 1 1.790222867
Table 6.1: Exceptional regular Pisot numbers
We see that Φ+B,1,n(x) = (x
2−x−1)xn+1. This has a limit of φ1 ≈ 1.618.
We notice that 1.62 − 1.6− 1 = −0.04 and 1.642 − 1.642 − 1 = 0.0496.
We have for n ≥ 7 that 1.6n(1.62 − 1.6− 1) + 1 < 0 and 1.64n(1.642 −
1.64− 1) + 1 > 2.
Hence for n ≥ 7 we have the Pisot root of Φ+B,1,n is in [1.6, 1.64].
Consider the circle C = {z : |z| = 0.7}. Let fn(x) = xn(x2−x−1) and
g(x) = 1. Evaluating fn(x) = (x
2− x− 1)xn on this circle, we see that
|(x2 − x− 1)xn| ≤ |0.72 + 0.7 + 1|0.7n = 2.19 · 0.7n. We see for n ≥ 3
that |xn(x2 − x − 1)| < 1 = g(x) on C. As the polynomial g has no
roots, it has no roots inside C. Hence fn(x)+g(x) = x
n(x2−x−1)+1
has no roots inside of C for n ≥ 3.
Combining these together, we see that the Pisot root of Φ+B,1,n is greater
than 1.6, and all of its conjugates are greater than 0.7. This implies
that | log q
′|
log(q)
≤ | log(0.7)|
log(1.6)
≈ 0.7588. Hence, we have that for all n ≥ 7 that
the roots of ΦB,q,n satisfy Conjecture 6.1.
Consider Case (3). Although there are a multiple infinite families of
regular Pisot numbers corresponding to the limit points less than 1.8,
there are only 5 regular Pisot numbers less than 1.8 that are not part
of one of these infinite families. Only one of these has a real root less
than 1, and all of them satisfy Conjecture 6.1. 
7. Conclusions and open questions
The case for which Conjecture 1.1 remains unproven for q ∈ (1, 2) is
q being an irregular Pisot number in (1.933, 2) of degree at least 151
and not a simple Parry number. As mentioned above, it is not known
whether there are finitely many such numbers.
We have shown that there are convergent sequences of regular Pisot
numbers for which the sequence of their conjugates does not tend to 1
in modulus. This is an interesting phenomenon which requires further
investigation. Most of these conjugates will tend to the unit circle and
their arguments are distributed in a nice way, see [3, 4, 10].
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